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ON SCALAR CURVATURE RIGIDITY OF VACUUM STATIC SPACES
JIE QING AND WEI YUAN
Abstract. In this paper we extend the local scalar curvature rigidity result in [7] to a small domain on
general vacuum static spaces, which confirms the interesting dichotomy of local surjectivity and local rigidity
about the scalar curvature in general in the light of the paper [11]. We obtain the local scalar curvature
rigidity of bounded domains in hyperbolic spaces. We also obtain the global scalar curvature rigidity for
conformal deformations of metrics in the domains, where the lapse functions are positive, on vacuum static
spaces with positive scalar curvature, and show such domains are maximal, which generalizes the work in
[17].
1. Introduction
The positive mass theorem [31, 32, 34] is a fascinating theorem that has been pivotal in mathemati-
cal relativity. The global scalar curvature rigidity of the Euclidean space Rn is at the core of the positive
mass theorem for asymptotically flat manifolds. Analogously the global scalar curvature rigidity of hyperbolic
space Hn is at the core of the positive mass theorem for asymptotically hyperbolic manifolds [26, 2, 33, 10, 1].
This led Min-Oo in [27] to conjecture that some global scalar curvature rigidity should also hold for the round
hemisphere Sn+.
In the paper [16], Fischer and Marsden studied the deformations of scalar curvature and introduced the
notion of static spaces that incidentally is the same notion of vacuum static spaces introduced in [19, 22]
in mathematical relativity. Fischer and Marsden showed the local surjectivity for the scalar curvature as a
map from the space of metrics to the space of functions at a non-static metric on a closed manifold. Corvino
in [11] considered compactly supported deformations of metrics and extended the local surjectivity result.
In [16], Fischer and Marsden also observed the local scalar curvature rigidity of closed flat manifolds. Their
local scalar curvature rigidity states that, on a closed flat manifold, any metric with nonnegative scalar
curvature that is sufficiently close to a flat metric has to be isometric to the flat metric. This dichotomy of
local surjectivity and local rigidity about scalar curvature seems extremely intriguing. One wonders if such
dichotomy holds in general based on the work of Corvino [11].
Min-Oo’s conjecture attracted a lot of attentions among geometric analysts. It was remarkable that
Brendle, Marques and Neves in [6] (see also [14] for a later developement) discovered that there is even
no local scalar curvature rigidity of the round hemispheres and constructed counter-examples to Min-Oo’s
conjecture. Later, in a subsequent paper [7], Brendle and Marques established the local scalar curvature
rigidity of round spherical caps of some appropriate size (cf. [12, 25] for a better estimate on the size). These
developments inspire us to study the local scalar curvature rigidity of general vacuum static spaces.
Theorem 1.1. Suppose that (Mn, g¯, f) (n ≥ 3) is a vacuum static space. Let p ∈ M and f(p) 6= 0. Then
there exist r0 > 0 such that, for each geodesic ball Br(p), there exists ε0 > 0 such that, for any metric g on
Br(p) satisfying,
• g = g¯ on ∂Br(p);
• R[g] ≥ R[g¯] in Br(p);
• H [g] ≥ H [g¯] on ∂Br(p);
• ||g − g¯||
C2(Br(p))
< ε0,
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there exists a diffeomorphism ϕ : Br(p) → Br(p) such that ϕ|∂Br(p) = id and ϕ
∗g = g¯ in Br(p), provided
that r < r0.
This confirms the dichotomy of local surjectivity and local rigidity about scalar curvature in general in
the light of the local surjectivity work of Corvino in [11]. In fact Theorem 1.1 is stronger than a local
rigidity, because it allows the metric g differ from g¯ up to the boundary as long as the mean curvature is not
less pointwisely on the boundary. Therefore Theorem 1.1 is a local rigidity of bounded domains in vacuum
static spaces generalizing the scalar curvature rigidity of bounded domains in particular vacuum static spaces
established in [24, 30, 7].
Space forms are the special vacuum static spaces. In Section 4 we will discuss the local scalar curvature
rigidity of each space form. In the Euclidean cases, we are able to obtain the local scalar curvature rigidity,
which may be considered as a local version of the rigidity results of [24, 30]. In the hyperbolic cases, it
seems that our local scalar curvature rigidity is new and addresses the rigidity problem of the positive mass
theorem for metrics with corners that is raised in [4].
Theorem 1.2. For n ≥ 3, let BHr be the geodesic ball with radius r > 0 in hyperbolic space H
n. There exists
an ε0 > 0, such that, for any metric g on B
H
r satisfying
• g = gHn on ∂B
H
r ;
• R[g] ≥ −n(n− 1) in BHr ;
• H [g] ≥ H [gHn ] on ∂B
H
r ;
• ||g − gHn ||C2(BHr )
< ε0,
there is a diffeomorphism ϕ : BHr → B
H
r such that ϕ
∗g = gHn in BHr and ϕ = id on ∂B
H
r .
In the spherical cases, the local scalar curvature rigidity is established in [7, 12]. It remains intriguing to
find out whether one can identity the size of the spherical cap on which the local scalar curvature rigidity
first fails to be valid. More interestingly it remains open that whether there is global scalar curvature rigidity
for bounded domains in the hyperbolic cases and bounded domains of appropriate size in the spherical cases.
It has been noticed that it is an interesting intermediate step to consider scalar curvature rigidity among
conformal deformations. Hang and Wang in [17], for instance, obtained the global scalar curvature rigidity
among conformal metrics for the round hemisphere (a weaker version of Min-Oo’s conjecture). They in fact
also showed that the local scalar curvature rigidity even among conformal metrics is no longer true for the
round metric on any spherical cap bigger than the hemisphere. We observe that the rigidity for conformal
deformations in [17] can be extended for general vacuum static spaces with positive scalar curvature.
Theorem 1.3. Let (Mn, g¯, f) be a complete n-dimensional vacuum static space with R[g¯] > 0 (n ≥ 2).
Assume the level set Ω+ = {x ∈ Mn : f(x) > 0} is a pre-compact subset in M . Then if a metric g ∈ [g¯] on
M satisfies that
• R[g] ≥ R[g¯] in Ω+,
• g and g¯ induced the same metric on ∂Ω+, and
• H [g] = H [g¯] on ∂Ω+,
then g = g¯. On the other hand, for any open domain Ω in Mn that contains Ω+, there is a smooth metric
g ∈ [g¯] such that
• R[g] ≥ R[g¯] in Ω, R[g] > R[g¯] at some point in Ω, and
• supp(g − g¯) ⊂ Ω.
Our proof of the rigidity in Theorem 1.3 only uses the maximum principles, which seems to be more
straightforward than the proof used in [17] in the case of the round hemisphere1. The construction in the
second part of Theorem 1.3 is based on the idea in [6]. For a detailed history of the study of the scalar
curvature rigidity phenomena and the solution of Min-Oo’s conjecture, readers are referred to the excellent
survey article [5] of Brendle.
1After we posted the previous version of this paper on arXiv, we were informed that the rigidity part of Theorem 1.3 had
been known in [3].
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2. Definition of vacuum static spaces
Static spaces are time slices in static space-times, which are the important global solutions to Einstein
equations in general relativity. A space-time metric
gˆ = −f2dt2 + g¯
on R ×Mn is said to be vacuum static if the so-called lapse function f and the Riemannian metric g¯ are
independent of the time t and the space-time metric gˆ satisfies the vacuum Einstein equation
(2.1) Ric[gˆ]−
1
2
R[gˆ]gˆ + Λgˆ = 0.
On the time slice (Mn, g¯) of a vacuum static space-time the Einstein equation (2.1) turns into the vacuum
static equation:
(2.2) ∇2f −
(
Ric[g¯]−
R[g¯]
n− 1
g¯
)
f = 0 on Mn.
Definition 2.1. ([19, 22]) We say (Mn, g¯, f) is a vacuum static space, if (Mn, g¯) is a complete Riemannian
manifold and the smooth function f 6≡ 0 satifies the equation (2.2). The function is called the lapse function
for the vacuum static space (Mn, g¯).
In [16], Fischer and Marsden considered the scalar curvature
R[g] : M→ C∞(M)
as a map from the space M of Riemannian metrics and calculated its derivative
γg = DR[g] : S2(M)→ C
∞(M)
and the L2-formal adjoint
γ∗gf = ∇
2f − g∆f − f ·Ric[g] : C∞(M)→ S2(M).
It is very intriguing that a complete Riemannian manifold (Mn, g¯, f) is vacuum static if and only if f is in
the kernel of the operator γ∗g¯ .
Space forms are examples of vacuum static spaces. Locally conformally flat vacuum static spaces have
been completely classified in [21, 23] in 1980s. Recently, Bach flat vacuum static spaces have also been
classified in [29] based on the idea used in [8, 9]. It is clear that there are many non-compact vacuum static
spaces which are not necessarily locally conformally flat (cf. [29]).
3. Local scalar curvature rigidity in general
In this section we will investigate the local scalar curvature rigidity phenomenon for general vacuum static
spaces. For convenience of readers, we will present the calculations in [16] and [6, 7] (cf. see also [12, 25])
for general vacuum static spaces. We first recall the deformations of scalar curvature. In this paper we use
the conventions that Greek indices run through 1, 2, · · · , n while Latin indices run through 1, 2, · · · , n− 1.
Lemma 3.1. ([16, Lemma 2.2 and Lemma 7.2]) For the deformation of metrics gt = g + th, we have
d
dt
∣∣∣∣
t=0
R[gt] = DR[g](h) = −∆(Trh) + δδh− Ric · h(3.1)
and
d2
dt2
∣∣∣∣
t=0
R[gt] =D
2R[g](h, h) = −2DR[g](h2)−∆(|h|2)−
1
2
|∇h|2 −
1
2
|d(Trh)|2(3.2)
+ 2h · ∇2(Trh)− 2δh · d(Trh) +∇αhβγ ∇
βhαγ ,
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where (δh)α = −∇
βhαβ.
Note that the operator ∆ differs from that in [16] by a sign. Let (Mn, g¯, f) (n ≥ 3) be a vacuum static
space and Ω ia subdomain in Mn. As in [16, 6, 7, 25], we consider the functional
F [g] =
∫
Ω
fR[g]dvol[g¯],(3.3)
where dvol[g¯] is the volume element with respect to the static metric g¯ instead of g.
It is well known that such geometric problems need to appropriately fix a gauge in order to derive rigidity
results. In [16] they relied on the slice theorem in [15] for closed manifolds. The following lemma from [7] is
a version of the slice theorem that is applicable to domains instead of closed manifolds without boundary .
Lemma 3.2. ([7, Proposition 11]) Suppose that Ω is a domain in a Riemannian manifold (Mn, g¯). Fix a
real number p > n, there exists an ε > 0, such that for a metric g on Ω with
||g − g¯||W 2,p(Ω,g¯) < ε,
there exists a diffeomorphism ϕ : Ω→ Ω such that ϕ|
∂Ω
= id and h = ϕ∗(g)− g¯ is divergence-free in Ω with
respect to g¯. Moreover,
||h||W 2,p(Ω,g¯) ≤ C||g − g¯||W 2,p(Ω,g¯),
for some constant C > 0 that only depends on Ω.
For the convenience of calculations we are using a Fermi coordinate of the boundary ∂Ω with respect to
the vacuum static metric g¯ such that ∂n = ∂ν on the boundary ∂Ω. Let A be the second fundamental form
and H be mean curvatures of ∂Ω. In the following calculations from now on in this section everything is
with respect to the vacuum static metric g¯ unless it will be indicated otherwise. But, first, in the light of
Lemma 3.2, we may assume that
(3.4) δh = 0 in Ω and hij = 0 on ∂Ω.
We would like to mention that it is not necessarily true that h vanishes on the boundary after requiring
δh = 0 in Ω. For the convenience of readers, we present the calculations:
(3.5)
hij,k = Ajkhin +Aikhjn
h iin, = (∇
∂Ω)ihin +Hhnn
hnn,i = ∂ihnn − 2Aijh
j
n
h
j
j ,i = 2Aijh
j
n
h nαn, = −h
i
αi, .
Lemma 3.3. Suppose that (Mn, g¯, f) is a vacuum static space and that gt = g¯+ th is a deformation. Then
d
dt
∣∣∣∣
t=0
F [gt](h) =
∫
∂Ω
((Trh)∂νf − f∂ν(Trh)− h(ν,∇f)− fδh · ν) dσ[g¯](3.6)
and, if in addition one assumes δh = 0,
(3.7)
d2
dt2
∣∣∣∣
t=0
F [gt](h, h) = −
1
2
∫
Ω
(|∇h|2 + |d(Trh)|2 − 2R(h, h))fdvol[g¯]
+
∫
∂Ω
(f(∂ν(|h|
2) + δ(h2) · ν + 2h(∇(Trh), ν)) + h2(ν,∇f)− |h|2∂νf − 2(Trh)h(ν,∇f))dσ[g¯],
where R(h, h) = Rαβγδh
αγhβδ + 2(Trh)Ric · h− 2R
n−1 (Trh)
2.
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Proof. One only needs to apply Lemma 3.1 and perform integrating by parts. One calculation is worth to
present here. ∫
Ω
(
∇αhβγ · ∇
βhαγ
)
fdvolg¯
=
∫
Ω
(
(∇2f − fRic[g¯]) · h2 + fRαβγδh
αγhβδ
)
dvolg¯ −
∫
∂Ω
(
h2(ν,∇f) + fδ(h2) · ν
)
dσg¯
=
∫
Ω
(
|h|2∆f + fRαβγδh
αγhβδ
)
dvolg¯ −
∫
∂Ω
(
h2(ν,∇f) + fδ(h2) · ν
)
dσ[g¯],
where the static equation (2.2) and the Ricci identity in Riemannian geometry are used. One may also use
(3.6) to handle the term
∫
ΩDR[g¯](h
2)dvol[g¯]. 
The following expansion of the mean curvature from [7] gives us the first and second deformation of the
mean curvature.
Lemma 3.4. ([7, Proposition 5]) Suppose that g = g¯+h be another metric on a domain Ω in a Riemannian
manifold (Mn, g¯). Assume that h|T∂Ω = 0. Then
(3.8)
H [g]−H [g¯] = (
1
2
H [g¯]hnn − h
i
in, +
1
2
h ii ,n)
+
1
2
((−
1
4
h2nn + hinh
i
n)H [g¯] + hnn(h
i
in, −
1
2
h ii ,n)) +O(|h|
2(|∇h|+ |h|)),
where
|O(|h|2(|∇h|+ |h|))| ≤ C(|h|2(|∇h|+ |h|))
for some constant C that only depends on n.
The vacuum metric g¯ is not a critical point for the functional F according to (3.6), instead it follows from
(3.8) that
(3.9)
d
dt
∣∣∣∣
t=0
(
∫
Ω
fR[gt]dvol[g¯] + 2
∫
∂Ω
fH [g]dσ[g¯]) = 0
for gt = g¯ + th, where h|T∂Ω vanishes, as observed in [12]. An immediate consequence of (3.8) is
(3.10)
(2 − hnn)(H [g]−H [g¯]) = −(1− hnn)(2h
i
ni, − h
i
i ,n)
+(hnn −
3
4
h2nn + hinh
i
n)H [g¯] +O(|h|
2(|∇h|+ |h|)).
For the convenience we denote
IΩ =
1
4
∫
Ω
(
|∇h|2 + |d(Trh)|2 − 2R(h, h)
)
fdvol[g¯](3.11)
and
BΩ =
∫
∂Ω
(
−(Trh)∂νf + h(ν,∇f)−
1
2
h2(ν,∇f) +
1
2
|h|2∂νf + (Trh)h(ν,∇f)
)
dσ[g¯](3.12)
+
∫
∂Ω
(
∂ν(Trh)−
1
2
∂ν(|h|
2)−
1
2
δ(h2) · ν − h(∇(Trh), ν)
)
fdσ[g¯].
Therefore we may write
(3.13) F [g]−F [g¯]−F ′[g¯](h)−
1
2
F
′′[g¯](h, h) =
∫
Ω
(R[g]−R[g¯]) fdvol[g¯] + IΩ +BΩ
when h = g − g¯ satisfies (3.4).
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Proposition 3.5. Assume that
|h| <
1
2
, δh = 0, and hT∂Ω = 0.
Then
BΩ =
∫
∂Ω
(
(2− hnn) (H [g]−H [g¯]) +
1
2
Aijhinhjn +
1
4
|h|2H [g¯]
)
fdσ[g¯](3.14)
+
∫
∂Ω
(
hnnh(ν,∇f) +
1
4
(
|h|2 − h2nn
)
∂νf
)
dσ[g¯] +O
(∫
∂Ω
|h|2(|∇h|+ |h|)dσ[g¯]
)
,
where
|O(
∫
Ω
|h|2(|∇h|+ |h|)dvol[g¯])| ≤ C
∫
Ω
|h|2(|∇h|+ |h|)dvol[g¯]
for some constant C that only depends on n.
Proof. First we calculate
B1Ω : =
∫
∂Ω
(
−(Trh)∂νf + h(ν,∇f) +
1
2
|h|2∂νf −
1
2
h2(ν,∇f) + (Trh)h(ν,∇f)
)
dσ[g¯]
=
∫
∂Ω
((
h2nn +
1
2
hnih
i
n
)
∂νf + (1 +
1
2
hnn)hin · ∂
if
)
dσ[g¯].
To get the second part of BΩ we calculate
ν(Trh) = h nn ,n + h
i
i ,n
−
1
2
ν(|h|2) = −hnnh
n
n ,n − 2h
i
nhni,n
−
1
2
δ(h2) · ν =
1
2
hnnh
n
n ,n +
1
2
h inhnn,i +
1
2
h inhni,n
−h(∇(Trh), ν) = −hnn(hnn,n + h
i
i ,n)− h
i
n (hnn,i + h
j
j ,i).
Then, using (3.5), we obtain
B2Ω :=
∫
∂Ω
(
∂ν(Trh)−
1
2
∂ν(|h|
2)−
1
2
δ(h2) · ν − h(∇(Trh), ν)
)
fdσ[g¯]
=
∫
∂Ω
(
(∇∂Ω)i
(
(1−
1
2
hnn)hin
)
− (1 − hnn)
(
2h in ,i − h
i
i ,n
))
fdσ[g¯]
+
∫
∂Ω
(
(1−
1
2
hnn)hnnH +
1
2
Aijhinhjn +
3
2
Hhnih
i
n
)
fdσ[g¯]
=
∫
∂Ω
(
−
(
1−
1
2
hnn
)
hin∂
if − (1− hnn)
(
2h in ,i − h
i
i ,n
)
f
)
dσ[g¯]
+
∫
∂Ω
(
(1−
1
2
hnn)hnnH +
1
2
Aijhinhjn +
3
2
Hhnih
i
n
)
fdσ[g¯].
Therefore, adding B1Ω and B
2
Ω, we arrive at
BΩ =
∫
∂Ω
(
(1−
1
2
hnn)hnnH +
1
2
Aijhinhjn +
3
2
Hhnih
i
n
)
fdσ[g¯]
−
∫
∂Ω
(1− hnn)
(
2h in ,i − h
i
i ,n
)
fdσ[g¯]
+
∫
∂Ω
(
hnnhin∂
if +
(
h2nn +
1
2
hnih
i
n
)
∂νf
)
dσ[g¯].
Finally, using (3.10), we may finish the calculation and establish (3.14). 
Now we are ready to show the boundary integral is non-negative for small geodesic balls in a vacuum
static spaces.
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Proposition 3.6. Suppose (Mn, g¯, f) is a vacuum static space and that g = g¯ + h where
|h|+ |∇h| <
1
2
, δh = 0, and hT∂Ω = 0.
Then, for a p0 ∈M
n where f(p0) > 0, there exists r0 > 0 and C > 0 such that
BBr(p0) ≥ −C
∫
∂Br(p0)
|h|2(|∇h|+ |h|)dσ[g¯]
for any geodesic ball Br(p0) with r < r0, provided that
H [g] ≥ H [g¯] and on ∂Br(p0).
Proof. First of all, for p0 ∈M
n with f(p0) > 0, one may have r1 such that
f(p) ≥ ǫ1 and f(p) + |∇f |(p) ≤ β1
for p ∈ Br1(p0) and positive constants ǫ1 and β1. Hence, from (3.14), we obtain
BBr(p0) ≥
∫
∂Br(p0)
(
1
2
Aijhinhjn +
1
4
|h|2H [g¯]
)
fdσ[g¯]− C
∫
∂Br(p0)
|h|2dvol[g¯]
− C
∫
∂Br(p0)
|h|2(|∇h|+ |h|)dσ[g¯]
for some constant C > 0, here we have used the assumptions that (2− hnn)(H [g]−H [g¯]) ≥ 0. Therefore it
is easy from here to finish the proof based on the geometry of small geodesic balls. Namely,
Aij =
1
r
g¯ij +O(r) and H [g¯] =
n− 1
r
+O(r).

Before we give the estimate on the interior term, we study the following eigenvalue problem of the Laplace
on symmetric 2-tensors. Namely we consider
µ(Ω) = inf{
∫
Ω
1
2 |∇h|
2dvol[g¯]∫
Ω |h|
2dvol[g¯]
: h 6≡ 0 and hT∂Ω = 0}(3.15)
The following is an easy but very useful fact to us (please see a similar result in [20]).
Lemma 3.7. Suppose (Mn, g¯, f) is a vacuum static space and that Br(p) is a geodesic ball of radius r in
Mn. Then, there are constants r0 and c0 such that
(3.16) µ(Br(p)) ≥
c0
r2
for all point p ∈Mn and r < r0.
Proof. We first observe that there are constant r0 and c1 such that
µ(Br(p)) ≥ c1µ(B
0
r (0))
for all p ∈Mn and r < r0, where µ(B
0
r (0)) is the first eigenvalue for the Euclidean ball B
0
r (0) with respect to
the Euclidean metric. Therefore it suffices to show (3.16) for Euclidean balls with respect to the Euclidean
metric. In fact, by scaling property, we simply need to show
µ(B01) > 0.
For this purpose, we consider the functional
J(h) =
∫
B01
1
2 |∇h|
2dx∫
B01
|h|2dx
, ∀h ∈ W
where
W = {h ∈ W 1,2(B01) : h 6≡ 0, h|T∂B01 = 0}.
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Then the Euler-Lagrange equation for the minimizers of J is{
∆h+ µ(B01)h = 0 in B
0
1
hij = 0 and ∂νhin = 0 on ∂B
0
1 ,
where µ(B01) = infh∈W J(h) ≥ 0, if we use the spherical coordinate {θ
1, · · · , θn−1, ν} on the unit sphere.
What we need to show is that µ(B01) is in fact positive. Assume otherwise µ(B
0
1) = 0. Then we may easily
see that, by integral by parts, the eigen-tensor h has to be parallel (constant) in B01 , which forces h ≡ 0 since
all the tangent vectors at the boundary ∂B01 together span the full space R
n (One may take the advantage
to ignore the base point for a vector in the Euclidean space) . This finishes the proof. 
We remark that, in case the domain Ω is a square in the plane R2, the first eigenvalue µ is zero. Conse-
quently, we have
Proposition 3.8. Suppose (Mn, g¯, f) is a vacuum static space and that g = g¯ + h where
δh = 0, and hT∂Ω = 0.
Then, for a p0 ∈M
n where f(p0) > 0, there exists r0 > 0 such that
IBr(p0) ≥
1
8
∫
Br(p0)
(|∇h|2 + |h|2)dvol[g¯]
for a geodesic ball Br(p0) with radius r < r0.
Proof. Recall (3.11),
IBr(p0) =
1
4
∫
Br(p0)
(
|∇h|2 + |d(trh)|2 − 2R(h, h)
)
fdvol[g¯].
Clearly there is a constant C (C depends on (Mn, g¯)) such that
2R(h, h) ≤ C |h|2.
Hence
IBr(p0) ≥
1
4
∫
Br(p0)
(
|∇h|2 − C|h|2
)
fdvolg¯
=
1
8
∫
Br(p0)
(
|∇h|2 + |h|2
)
fdvolg¯ +
1
8
∫
Br(p0)
(
|∇h|2 − (2C + 1)|h|2
)
fdvolg¯.
The rest of proof easily follows from Lemma 3.7. 
Now we are ready to prove the main theorem following the approach from [6, 7, 12] .
Proof of Theorem 1.1. First, due to the assumption that ||g − g¯||
C2(Br(p0))
is sufficiently small, in the light
of Lemma 3.2, we may assume g = g¯ + h, where h satisfies
δh = 0 in Br(p0) and h|T∂Br(p0) = 0.
Following the approach in [6, 7, 12], we have
F (g)−F (g¯)−F ′(g¯) · h−
1
2
F
′′(g¯) · (h, h) ≤ C‖h‖
C2(Br(p0))
∫
Br(p0)
(|∇h|2 + |h|2)dvol[g¯].
On the other hand, by Proposition 3.6 and Proposition 3.8, one arrives at∫
Br(p0)
(|∇h|2 + |h|2)dvol[g¯] ≤ C||h||
C2(Br(p0))
(
∫
Br(p0)
(|∇h|2 + |h|2)dvol[g¯] +
∫
∂Br(p0)
|h|2dσ[g¯])
≤ C1||h||C2(Br(p0))
∫
Br(p0)
(|∇h|2 + |h|2)dvol[g¯],
by Trace Theorem of Sobolev spaces, which implies that h ≡ 0, when ‖h‖
C2(Br(p0))
is small enough. Thus
the proof is complete. 
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4. Local scalar curvature rigidity of space forms
In the previous section, we investigated the local scalar curvature rigidity of domains of sufficiently small
size in general vacuum static spaces. In this section we consider the local scalar curvature rigidity of space
forms.
4.1. Euclidean spaces. In this subsection, we consider local scalar curvature rigidity of domains in the
Euclidean space Rn. In Euclidean cases it turns out one has the local scalar curvature rigidity of bounded
domain of any size, which may be compared with the rigidity result of closed flat spaces in [16] but a much
a weaker version of the rigidity in [24] (cf. also [30]), where the positive mass theorem is employed. In
Euclidean cases the lapse function f may be taken to be 1. We calculate from (3.11) and (3.14) that
IΩ =
1
4
∫
Ω
(
|∇h|2 + |d(Trh)|2
)
dx
and
BΩ =
∫
∂Ω
(
(2− hnn) (H [g]−H [gRn ]) +
1
2
Aijhinhjn +
1
4
|h|2H [gRn ]
)
dθ
+O
(∫
∂Ω
|h|2(|∇h|+ |h|)dθ
)
.
Theorem 4.1. Let Ω be a bounded smooth domain in the Euclidean space Rn. Assume that
(4.1) A+
1
2
HgRn ≥ 0 on ∂Ω.
Then there is ǫ > 0 such that, for any Riemnnian metric g on Ω satisfying
• g = gRn on ∂Ω,
• R[g] ≥ 0 in Ω,
• H [g] ≥ H [gRn ] on ∂Ω, and
• ‖g − gRn‖C2(Ω) ≤ ǫ,
there is a diffeomorphism ϕ : Ω→ Ω such that ϕ∗g = gRn in Ω and ϕ = id on ∂Ω.
Proof. Again, in the light of Lemma 3.2, we may assume that g = gRn + h and
δh = 0 in Ω and h|T∂Ω = 0 on ∂Ω.
Then, using the smoothness of the boundary ∂Ω and the fact that h|T∂Ω = 0 on ∂Ω, one derives that∫
Ω
|∇h|2dvol[g¯] ≥ µ(Ω)
∫
Ω
|h|2dvol[g¯]
for some positive number µ(Ω), based on the argument similar to the one in the proof of Lemma 3.7.
Therefore one can show that h has to vanish in Ω, whenever ‖h‖C2(Ω) is sufficiently small. Thus the proof
is complete. 
It is easily seen that, for example, (4.1) holds on convex domains including round balls in Rn.
4.2. Hyperbolic spaces. The natural way to describe the hyperbolic space Hn is to identify it as the
hyperboloid
H
n = {(t, x) ∈ Rn+1 : −t2 + |x|2 = −1 and t > 0}
in the Minkowski space-time (Rn+1, −(dt)2 + |dx|2). In this coordinate
gHn =
(d|x|)2
1 + |x|2
+ |x|2gSn−1 .
With the lapse function f = t =
√
1 + |x|2, the hyperbolic space (Hn, gHn) is a vacuum static space of
negative cosmological constant (cf. [28]). We will consider the geodesic balls BHr center from the vertex
(1, 0). We again calculate from (3.11) and (3.14) that
IBHr =
1
4
∫
BHr
(
|∇h|2 + |d(Trh)|2 − 2|h|2 − 2|Trh|2
)
tdvol[gHn ]
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and
BBHr ≥
∫
∂BHr
(
(2− hnn)(H [g]−H [gHn ]) + (
1
4
h2nn +
n
2(n− 1)
n−1∑
i=1
h2in)H [gHn ]
)
cosh rdσ[gHn ]
+
∫
∂BHr
(
3
4
h2nn +
1
4
|h|2) sinh rdσ[gHn ] +O
(∫
∂BHr
|h|2(|∇h|+ |h|)dσ[gHn ]
)
,
where t = cosh r and ∂νt = sinh r are positive.
Theorem 4.2. For n ≥ 3, let BHr be the geodesic ball centered at the vertex (1, 0) with radius r > 0 on the
hyperboloid. There exists an ε0 > 0, such that, for any metric g on B
H
r satisfying
• g = gHn on ∂B
H
r ;
• R[g] ≥ −n(n− 1) in BHr ;
• H [g] ≥ H [gHn ] on ∂B
H
r ;
• ||g − gHn ||C2(BHr )
< ε0,
there is a diffeomorphism ϕ : BHr → B
H
r such that ϕ
∗g = gHn in BHr and ϕ = id on ∂B
H
r .
Proof. Again, in the light of Lemma 3.2, we may assume that g = gHn + h and
δh = 0 in Ω and h|T∂Ω = 0 on ∂Ω.
From the assumptions we have
(4.2)
IBHr +BBHr ≥
1
4
∫
BHr
(
|∇h|2 + |d(Trh)|2 − 2|h|2 − 2|Trh|2
)
tdvol[gHn ] +
1
4
∫
∂BHr
|h|2 cosh rdσ[gHn ]
+
∫
∂BHr
(
3
4
h2nn +
1
4
|h|2)∂νtdσ[gHn ]− C
∫
∂BHr
|h|2(|∇h|+ |h|)dσ[gHn ]
for some constant C > 0. Similar to the idea used in [12], we want to use the positive boundary terms to
help to cancel the negative interior terms. For that, we perform integral by parts and estimate∫
∂BHr
(|Trh|2 + |h|2)∂νtdvol[gHn ] =
∫
BHr
div((|Trh|2 + |h|2)∇t)dvol[gHn ]
=
∫
BHr
(|Trh|2 + |h|2)∆tdvol[gHn ] + 2
∫
BHr
((Trh)∇(Trh) + h∇h) · ∇tdvol[gHn ]
≥ n
∫
BHr
(|Trh|2 + |h|2)tdvol[gHn ]− 2
∫
BHr
(|Trh||∇Trh|+ |h||∇h|)|∇t|dvol[gHn ]
≥ n
∫
BHr
(|Trh|2 + |h|2)tdvol[gHn ]−
∫
BHr
(a(|Trh|2 + |h|2) +
1
a
(|∇Trh|2 + |∇h|2))tdvol[gHn ].
Here we use the fact that ∆t = nt and |∇t| < t. Going back to (4.2) we get, for the choices b = 34 and
a = 116 ,
IBHr +BBHr ≥
∫
BHr
(
(
1
4
−
(1 + b)
4a
)(|∇h|2 + |d(Trh)|2) + (
(1 + b)
4
(n− a)−
1
2
)(|h|2 + |Trh|2)
)
tdvol[gHn ]
+
1− b
4
∫
∂BHr
|h|2 cosh rdσ[gHn ] +
2− b
4
∫
∂BHr
h2nn sinh rdσ[gHn ]− C
∫
∂BHr
|h|2(|∇h|+ |h|)dσ[gHn ]
=
∫
BHr
(
1
88
(|∇h|2 + |d(Trh)|2) +
7
16
(n− 3 +
1
42
)(|h|2 + |Trh|2)
)
tdvol[gHn ]
+
1
16
∫
∂BHr
|h|2 cosh rdσ[gHn ] +
5
16
∫
∂BHr
h2nn sinh rdσ[gHn ]− C
∫
∂BHr
|h|2(|∇h|+ |h|)dσ[gHn ].
Now one may conclude that h = 0, when ||h||
C2(BHr )
is sufficiently small and n ≥ 3. 
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4.3. Hemispheres. The upper hemisphere Sn+ with the standard round metric is a vacuum static space of
positive cosmological constant, where the lapse function f = xn+1 is the high function when the sphere is
the unit round sphere Sn centered at the origin in the Euclidean space Rn+1. One considers the geodesic
balls BSr centered at the north pole on the hemisphere. One then calculates from (3.11) and (3.14) that
IBSr =
1
4
∫
BSr
(
|∇h|2 + |d(Trh)|2 + 2|h|2 + 2|Trh|2
)
xn+1dvol[gSn ]
and
BBSr =
∫
∂BSr
(
(2− hnn) (H [g]−H [gRn ]) +
(
1
4
h2nn +
n
2(n− 1)
n−1∑
i=1
h2in
)
H [gRn ]
)
cos rdσ[gSn ]
−
∫
∂BSr
(
h2nn +
1
2
n−1∑
i=1
h2in
)
sin rdσ[gSn ] +O
(∫
∂BSr
|h|2(|∇h|+ |h|)dσ[gSn ]
)
≥
∫
∂BSr
((
n− 1
4
cos2 r
sin r
− sin r
)
h2nn +
1
2
(
n
cos2 r
sin r
− sin r
) n−1∑
i=1
h2in
)
dσ[gSn ]
− C
∫
∂BSr
|h|2(|∇h|+ |h|)dσ[gSn ],
where f = f(r) = cos r and H [gSn ] = (n− 1) cot r for ∂B
S
r in the hemisphere.
Theorem 4.3. ([7]) Consider the geodesic ball BSr with cos r ≥
2√
n+3
. Let g be a Riemannian metric on BSr
with the following properties:
• R[g] ≥ n(n− 1) in BSr ;
• H [g] ≥ (n− 1) cot r on ∂BSr ;
• g and gSn induced the same metric on ∂B
S
r ,
If g− gSn is sufficiently small in the C
2-norm, then ϕ∗(g) = gSn for some diffeomorphism ϕ : BSr → B
S
r with
ϕ|∂BSr = id.
Remark 4.4. In [12], the interior integral
IBSr =
1
4
∫
BSr
(
|∇h|2 + |d(Trh)|2 + 2|h|2 + 2|Trh|2
)
xn+1dvol[gSn ]
is used cleverly to improve the size of the geodesic ball BSr that is bigger than cos r ≥
2√
n+3
of Theorem 4.3
of [7].
5. Conformal Rigidity of Static Space
In this section we consider the scalar curvature rigidity among conformal deformations. This is inspired
by the work in [17], where the scalar curvature rigidity among conformal deformations of the hemispheres is
established. For n ≥ 2, let (Mn, g¯, f) be a static space with positive scalar curvature R[g¯] > 0. We denote
Ω+ = {x ∈M : f(x) > 0}.
Theorem 5.1. Let (Mn, g¯, f) be a complete n-dimensional static space with Rg¯ > 0 (n ≥ 2). Assume Ω
+
is a pre-compact subset in M . Then, if a metric g ∈ [g¯] on M satisfies that
• R[g] ≥ R[g¯] in Ω+,
• g and g¯ induced the same metric on ∂Ω+, and
• H [g] = H [g¯] on ∂Ω+,
then g = g¯.
Proof. Since g ∈ [g¯] we may write as usual
g =
{
e2ug¯ when n = 2
u
4
n−2 g¯ when n ≥ 3.
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Hence
R[g] =


e−2u (R[g¯]− 2∆u) when n = 2
u−
n+2
n−2
(
R[g¯]u−
4(n− 1)
n− 2
∆u
)
when n ≥ 3
and H [g] =


H [g¯] + 2∂νu when n = 2
H [g¯] +
2(n− 1)
n− 2
∂νu when n ≥ 3.
If we let
Λ(x) =


R[g¯](e2u(x)−1)
2u(x) = R[g¯]e
2ξ when n = 2
n−2
4(n−1)
R[g¯]u(x)
(
u(x)
4
n−2−1
)
u(x)−1 =
R[g¯]
n−1ξ
4
n−2 u
ξ
when n ≥ 3,
where ξ is between 0 and u(x) when n = 2; ξ is between 1 and u(x) when n ≥ 3, and
v(x) =
{
u(x) when n = 2
u(x)− 1 when n ≥ 3,
then we may rewrite the assumptions R[g] ≥ R[g¯] and H [g] ≥ H [g¯] as follows:
(5.1)


−∆v − Λ(x)v ≥ 0 in Ω+
v = 0 on ∂Ω+
∂νv = 0 on ∂Ω
+.
On the other hand, if denote Λ = R[g¯]
n−1 , we deduce from the static equation that
(5.2) −∆f − Λf = 0 and f > 0 in Ω+.
In the following we want to first use the positive lapse function f in Ω+ to show v ≥ 0. To do so we consider
the quotient ϕ(x) = v(x)
f(x) in Ω
+ and calculate
(5.3)
−∆ϕ =
1
f
(−∆v + ϕ∆f + 2∇ϕ · ∇f)
≥ −ϕ (Λ− Λ(x)) + 2∇ϕ ·
∇f
f
.
Assume otherwise that there exists x¯ ∈ Ω+ such that ϕ(x¯) < 0. In order to apply the maximum principle
we would like to use L′hospital′s rule to see that ϕ = 0 on ∂Ω+. Here we need to use that fact that ∇f 6= 0
at ∂Ω+ = {x ∈Mn : f(x) = 0} according [16, Theorem 1]. Therefore we may assume that x¯ be a minimum
point for ϕ. Notice that Λ(x¯) < Λ when ϕ(x¯) < 0. Thus, from (5.3), we arrive at
0 ≥ −∆ϕ(x¯) ≥ −ϕ(x¯) (Λ− Λ(x¯)) > 0,
which is a contradiction. Therefore we have shown that v(x) ≥ 0 in Ω+.
Finally, applying the Hopf maximum principle, for instance, [13, Theorem 7.3.3], to (5.1), we conclude
that v ≡ 0 in Ω+, that is, g ≡ g¯ in Ω+. So the proof is compete. 
Next we want to show that the domain Ω+ is the biggest of which the scalar curvature rigidity holds.
This generalizes the work in [17]. Our construction is different from [17] and is based on the idea in [6],
particularly [6, Theorem 5 and Lemma 21].
Theorem 5.2. Let (Mn, g¯, f) be a complete n-dimensional static space with Rg¯ > 0 (n ≥ 2). Assume the
level set Ω+ is a pre-compact subset in M . For any open domain Ω in Mn that contains Ω+ , there is a
smooth metric g ∈ [g¯] such that
• R[g] > R[g¯] at some point in Ω and
• supp(g − g¯) ⊂ Ω
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Proof. First, by [16, Theorem 1] , we know ∇f 6= 0 on ∂Ω+. Hence we may assume the level set Ω−ǫ =
{x ∈ Mn : f(x) > −ǫ} ⊂ Ω, at least for sufficiently small ǫ, is pre-compact in Mn. In Ω−ǫ, we consider
ut = 1−t(f+ǫ) > 0 onM for t ∈ [0, δ] and sufficiently small δ > 0, and the family of conformal deformations
gt = u
4
n−2
t g¯ when n ≥ 3 and gt = u
2
t g¯ when n = 2, for t ∈ [0, δ).
Then, when n ≥ 3, we calculate the expansion of scalar curvature, in Ω−ǫ,
R[gt] = u
− n+2
n−2
t (Rg¯ut −
4(n− 2)
n− 1
∆ut)
= Rg¯ −
4(n− 1)
n− 2
(
∆ut +
R[g¯]
n− 1
ut
)
t+O(t2).
= Rg¯ +
4(n− 2)
(n− 1)2
ǫR[g¯]t+O(t2)
and the expansion of the mean curvature of ∂Ω−ǫ,
H [gt] = Hg¯ +
2(n− 1)t
n− 2
|∇f |.
Similarly, when n = 2, we have R[gt] = R[g¯]+2ǫtR[g¯]+O(t
2) andH [gt] = H [g¯]+t|∇f |. Hence we constructed
a conformal metric gt in Ω
−ǫ for some sufficiently small t such that
• R[gt] > R[g¯] in Ω
−ǫ;
• gt = g¯ on ∂Ω
−ǫ;
• H [gt] > H [g¯] on ∂Ω
−ǫ.
Next we want to use [6, Theorem 5] to construct a smooth metric g ∈ [g¯] so that
• R[g] ≥ R[g¯] in Ω, R[g] > R[g¯] at some point in Ω, and
• supp(g − g¯) ⊂ Ω.
To do so we need a smooth metric in the neighborhood of ∂Ω−ǫ that smoothly extends to outside Ω−ǫ. Based
the same idea used in [6, Lemma 21], we consider
g˜ = w
4
n−2 g¯ when n ≥ 3 and g˜ = w2g¯ when n = 2,
for w = 1 − e−
1
f+ǫ in Ω−ǫ0 = {x ∈ M
n : −ǫ < f(x) < 0}. Similar calculations as in the proof of [6, Lemma
21] show that
• R[g˜] > R[g¯] in Ω−ǫ0 and
• supp(g˜ − g¯) ⊂ Ω.
Particularly, H [g˜] = H [g¯] at ∂Ω−ǫ. Now, applying [6, Theorem 5] to glue gt and g˜ on Ω−ǫ, we get a smooth
metric g that finishes the proof, so long as one realizes that g stays in [g¯] if both g˜ and gt are conformal to
g¯ due to the construction of the gluing in [6]. 
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